In this note, we consider confining gauge theories in D = 2, 3, 4 defined by S 2 or T 2 compactification of higher-dimensional conformal field theories with gravity duals. We investigate the behavior of these theories on de Sitter spacetime as a function of the Hubble parameter. We find that in each case, the de Sitter vacuum state of the field theory (defined by Euclidian continuation from a sphere) undergoes a deconfinement transition as the Hubble parameter is increased past a critical value. In each case, the corresponding critical de Sitter temperature is smaller than the corresponding Minkowski-space deconfinement temperature by a factor nearly equal to the dimension of the de Sitter spacetime. The behavior is qualitatively and quantitatively similar to that for confining theories defined by S 1 compactification of CFTs, studied recently in arXiv:1007.3996.
Introduction Motivation and Background
The study of quantum field theory on curved spacetime is an important subject, crucial for our understanding of black hole physics and early universe cosmology. Most of the well-known results, from the derivation of Hawking radiation to the study of quantum fluctuations of fields during inflation, are obtained simply by studying free fields (see, for example [1] ). However, since realistic quantum field theories are interacting, it is interesting to investigate new phenomena that may arise for interacting quantum field theories on nontrivial spacetimes. This presents new technical challenges even for weakly-coupled quantum field theories, while for strongly coupled field theories on curved spacetime, either direct analytic analysis or numerical simulation is not currently possible.
Fortunately, a powerful alternative method for studying certain strongly-coupled field theories is now available in the AdS/CFT correspondence [2] . In the form that we will use in this paper, this suggests that certain conformal field theories on some fixed spacetime manifold M are equivalent to gravitational theories on asymptotically locally AdS spacetime with boundary geometry M . In most studies, the geometry M has been chosen to be Minkowski space or S d × R, but we are free to take M to be a cosmologically interesting background such as de Sitter space.
In recent work [3] (see also [4, 5, 6, 7, 8, 9, 10] ), the AdS/CFT correspondence was used to show that certain confining gauge theories on de Sitter spacetime undergo a deconfinement transition at a critical value of the acceleration parameter (i.e. the Hubble constant) for the de Sitter space. To study confining rather than conformal field theory, the authors used the observation [11] that a conformal field theory compactified on a circle with antiperiodic boundary conditions for fermions defines a confining field theory in one lower dimension with particles and a mass gap. On Minkowski space, such theories undergo a deconfinement transition at some critical temperature T c . In de Sitter space, it is well known [12] that there is an effective temperature T dS related to the Hubble constant by
The thermal character of physics on de Sitter space suggests that for large enough H, confining gauge theories should exist in a deconfined plasma phase rather than the hadronic phase that exists at low temperatures. The result of [3] is that for the confining theories on dS d defined by CFTs on dS d ×S 1 , this deconfined phase is favored when
Thus, deconfinement in de Sitter spacetime occurs for a de Sitter temperature that is lower than the the Minkowski spacetime transition temperature by a factor of the spacetime dimension.
Summary
The main goal of this paper is to study more examples of confining gauge theories on de Sitter space, to investigate the phase structure as a function of the field theory parameters and acceleration parameter and to determine whether (1) represents a general result. We consider two new examples, conformal field theory compactified on T 2 and conformal field theory compactified on S 2 . In each case (assuming that the boundary conditions for fermions are antiperiodic on at least one cycle of the T 2 ), we obtain a confining gauge theory in two lower dimensions. 3 Physical properties of quantum field theory in the canonical de Sitter vacuum state are related by analytic continuation to the physics of the corresponding Euclidean theory on a sphere, 4 where the radius of the sphere is related to the acceleration parameter of the de Sitter space by R S d = 1/H. Thus, our problem is equivalent to investigating the phase structure of a conformal field theory on
In the first case, we have only a single parameter R S 2 /R S d (the acceleration parameter in units of the inverse S 2 radius), while in the second case, we have two parameters R 1 /R S d and R 2 /R S d corresponding to the sizes of the two cycles of the torus (which we take to be rectangular). For each choice of parameters, the phase of the field theory with lowest free energy corresponds to the gravitational solution with minimum action whose boundary metric matches with the field theory geometry.
After choosing a metric ansatz with the appropriate symmetries and imposing the boundary conditions, we find in each case that the possible solutions are determined by a system of coupled ordinary differential equations than can be solved numerically. In some cases, multiple solutions exist for a given boundary geometry, so we must numerically evaluate the gravitational action to find which one is minimal. In each solution, either the S d or the compactification manifold (T 2 or S 2 ) degenerates at some point along the radial direction away from the boundary. As discussed in detail in [3] , geometries for which the S d shrinks to zero correspond to deconfined physics in the dual field theory, while geometries for which the T 2 or S 2 shrinks to zero correspond to confined physics. The boundary between these two behaviors in the phase diagram represents an acceleration-induced deconfinement transition.
Our results for the phase diagrams are summarized in figures 3 and 5. In each case, we find that the theory deconfines for sufficiently large H. In table 1, we compare the de Sitter temperature at the transition with the Minkowski-space deconfinement temperature. We find that the critical de Sitter temperature is close to but not exactly given by the result (1). 3 Our results apply to any conformal field theory whose gravity dual has a consistent truncation to pure Einstein gravity with negative cosmological constant. As a specific example of a theory that will lead to a four-dimensional confining gauge theory, we can consider the (0, 2) conformal field theory in six dimensions that describes the low-energy physics of M5-branes. 4 For a recent review, see [13] .
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Generalities
To begin, we briefly review the AdS/CFT approach to studying field theories on nontrivial spacetime metrics (more discussion can be found in [3, 14, 15, 16] ). In this paper, we consider conformal field theories dual to a gravitational theory that has Einstein gravity with negative cosmological constant as a consistent truncation. Examples include the four-dimensional N = 4 SYM theory arising from D3-branes in string theory and the six-dimensional (0, 2) CFT arising from M-theory fivebranes. We define lower dimensional confining theories by compactification on some manifold M . We are interested in studying the equilibrium physics of these lower-dimensional theories either on Minkowski space with a finite temperature, or on de Sitter space in the Euclidean vacuum state. The physics of these theories can be obtained by studying the Euclidean field theory on R d−1 × S 1 and S d respectively. Thus, in the end we are interested in properties of a Euclidean CFT on a fixed space B of the form M ×S
In particular, we would like to investigate possible phase transitions that occur as the geometrical parameters of these spaces are varied.
According to the AdS/CFT correspondence, the Euclidean field theory on a space B is dual to the minimum-action solution of the gravity theory which is asymptotically locally AdS and whose boundary metric is the metric of B.
5 Explicitly, we demand that the spacetime metric may be written as
where for large r,
We will always assume that the preferred field theory state does not break any of the geometrical symmetries of the background B. In this case, the corresponding bulk metric must also preserve these symmetries, and we can consider an ansatz for g ij (r, x) that reflects this. In all the cases we consider, the symmetries are enough to specify g ij (r, x) up to a small number of undetermined functions of r. These functions must satisfy coupled ordinary differential equations that follow from Einstein's equations
where D is the spacetime dimension of the gravity theory and l is the AdS radius.
Demanding the asymptotic behavior (3) provides a set of boundary conditions for the functions at large r, while the remaining boundary conditions come from demanding that the Euclidean geometry is smooth in the interior (e.g. avoiding conical singularities). The differential equations are generally too complicated for an analytic solution, but it is straightforward to integrate them numerically.
6
In some cases, there exist multiple smooth solutions with the same asymptotic behavior. Here, the different solutions represent different possible phases of the field theory. The phase with lowest free-energy corresponds to the gravity solution with smallest action. Thus, we need to compare the gravitational action for the various solutions to determine which is the smallest. In general, this has divergences from integrating over any non-compact directions in the field theory and also from integrating over the radial direction in the bulk. Thus, we should compute the action per unit field theory volume, and introduce a regularization scheme to deal with the radial divergence. The standard procedure is to work with a cutoff surface in the bulk defined at some radial position r = r M . low-energy gravity. In this case, the gravitational path integral is dominated by the minimum action solution. 6 In performing numerics, it is necessary to treat carefully the IR boundary of the geometry, where one of the metric functions goes to zero. At these places it can be helpful to determine a power series solutions to the equations near the point r = r 0 , and use the series solutions to determine the values of the functions and their derivatives at some point r = r 0 + where > 0. The differential equations can then integrated numerically from r = r 0 + .
The gravity action including the boundary term is
but this expression diverges as r M → ∞. The divergences are generally cured if we introduce a counterterm action defined in terms of the intrinsic geometry of the boundary surface [17, 18] ,
whereR is the intrinsic curvature of the boundary metric and we use only the first term for D = 3, the first and second terms for d = 4, 5 and all terms for d = 6, 7. The counterterms generally render the action density finite, but for certain geometries in even d there remains a logarithmic divergence related to the presence of a conformal anomaly in the boundary field theory. In these cases, we can either subtract off a logarithmic counterterm or compare the regulated actions for two solutions with the same boundary geometry before taking the cutoff to infinity. In such a comparison, the choice of cutoff surface for the two geometries should be based on the same geometric criterion (e.g. at some fixed radius for a particular circle or sphere). In this case, the action difference approaches a finite limit as the cutoff is taken to infinity. A detailed example of the comparison between actions for various solutions is given in appendix B.
Phase transitions occur at points where the action for one family of solutions becomes smaller than the action for another family of solutions as the geometrical parameters of the boundary metric are varied.
Confining gauge theories from compactified CFTs
In this section, we introduce the various confining gauge theories that we study in this paper and calculate the Minkowski space deconfinement temperatures. In each case, we begin with a conformal field theory dual to a gravitational theory that has Einstein gravity with negative cosmological constant as a consistent truncation. The confining gauge theory is defined by compactifying this theory on a manifold M that we will choose to be T 2 or S 2 . The equilibrium finite temperature physics on Minkowski space 7 Here, γ is the metric induced on the boundary surface r = r M , and K is trace of the second fundamental form of the boundary metric, defined as
where n µ is the outward unit normal vector at r = r M .
is governed by the behavior of the Euclidean CFT on M × S 1 × R d , where the S 1 represents the Euclidean time direction, compactified with a period 1/T . As discussed in the previous section, the phase with lowest free energy corresponds to the minimum-action asymptotically locally AdS gravity solution with boundary metric M × S 1 × R d . For sufficiently small S 1 (i.e. high-enough temperature), the minimum action solution is always one where the S 1 contracts smoothly to zero in the interior of the geometry. The corresponding Lorentzian solution is a black brane solution with a horizon, and the corresponding field theory state is deconfined [11] . For low temperatures (large S 1 radius) the minimum action solution is one for which the manifold M contracts to zero size in the interior of the geometry while the S 1 size remains finite. 8 This solution ends smoothly in the IR part of the geometry and corresponds to a confined state of the field theory.
For the theory defined by compactification on T 2 , the analysis is particularly simple, since there is no distinction between the thermal circle (which has antiperiodic boundary conditions for fermions) and the circles on the torus with antiperiodic boundary. Each of these circles is allowed to pinch off smoothly in the interior. The solution with boundary metric T 2 ×S 1 ×R d−1 for which some S 1 pinches off is obtained by taking the AdS soliton metric (the minimum action solution with boundary geometry S 1 × R d+1 ), and periodically identifying two of the R d+1 directions. Solutions constructed in this way are dual to deconfined or confined phases depending on whether the contracting circle from the AdS soliton is identified with the thermal circle or with a T 2 circle. The minimum action solution is the one for which the smallest boundary circle contracts in the interior. Thus, we have a deconfinement transition at critical temperature
i.e. at the temperature for which the thermal circle becomes smaller than the smallest cycle on the torus.
CF T d+2 on S 2
To determine the Minkowski-space deconfinement temperature for the d-dimensional theory defined by a CF T d+2 compactified on S 2 , we need to study asymptotically AdS solutions with boundary geometry S 2 ×S 1 ×R d−1 . As the S 1 radius is decreased relative to the S 2 radius, we expect a phase transition between a solution with S 2 contractible in the bulk and a solution with contractible S 1 . For d = 2, the relevant geometries were analyzed in [19] , and we extend that analysis to more general d in appendix A.
The results for the deconfinement transition temperature for d = 2, 3, 4 are:
4 Confining gauge theories on de Sitter spacetime
We now proceed to study the confining gauge theories defined in the previous section on a de Sitter spacetime background. We are interested in the physics of the theory in the canonical de Sitter-invariant vacuum state. Physical observables in this state of the field theory on dS d may be defined by analytic continuation from the Euclidian theory on the sphere S d . Thus, we would like to investigate the behavior of the Euclidean CFT on
By the AdS/CFT correspondence, the physics can be obtained by determining the minimum-action asymptotically AdS solution with boundary metric M × S d . As for the finite-temperature Minkowski space case, there are two topologicallydistinct types of solutions. Solutions for which the S d pinches off smoothly in the interior of the geometry correspond to Lorentzian solutions with horizons (similar to the topological black hole solution [20] ) and are dual to deconfined field theory states. Solutions for which the compactification manifold M is contractible in the bulk while the S d is not are related to horizon-free Lorentzian solutions (similar to the AdS "bubble of nothing" [4] ) that are dual to confined field theory states.
CFT on
, the radii of the two boundary circles of the torus will be denoted R χ and R ξ . Conformal invariance guarantees that the physical properties of this theory on de Sitter space with acceleration parameter H depend only on the dimensionless parameters R χ H and R ξ H, or equivalently R χ /R S d and R ξ /R S d .
We will assume that the field theory state does not spontaneously break any of the geometrical symmetries. Thus, the field theory state and the corresponding gravity solution should possess an
The most general dual metric with SO(5) × U (1) × U (1) symmetry can be put in the form:
where χ and ξ are periodic coordinates, and one of the four functions can be fixed by a choice of gauge.
We assume that at least the χ circle can have antiperiodic boundary conditions for fermions. In this case, the topologically distinct types of solutions are those for which D goes to zero as we decrease r with B and C remaining finite, and those for which B or C goes to zero with D remaining finite. Solutions in which the ξ circle pinches off are related to solutions for which the χ circle pinches off by B ↔ C.
In order to discuss the details of finding solutions, it will be useful to focus on one particular type of solution, for which the χ circle of the torus pinches off at some radius ρ 0 > 0. We will describe our methods in detail for this case, but the steps for all other cases are completely analogous.
Solutions with contractible χ: equations
To begin, we choose a gauge for the metric ansatz (8) that is convenient for the present case. To investigate solutions with a degenerating χ cycle, we write the metric (8) in the form
where ρ has been defined to be dimensionless and χ and ξ have identifications χ ∼ χ+2π and ξ ∼ ξ + 2π. We are interested in solutions where q(ρ) vanishes at some ρ = ρ 0 > 0.
To avoid a conical singularity at this point, we require
From the ansatz (9), Einstein's equations (4) give three independent equations for the three undetermined functions in the metric. Taking a linear combination of the ξξ and θθ component gives
Next, a linear combination of the χχ, θθ and ξξ component gives
Finally, combining the ρρ and χχ components, we obtain
These equations, together with the constraint (10), have a symmetry
related to the fact that the geometry is a periodic identification in the ξ direction of a solution with noncompact ξ.
Solutions with contractible χ: boundary conditions
We would like to solve the equations above subject to the boundary conditions that the boundary metric describes a particular geometry and that the metric in the interior is smooth. In practice, it is simplest to impose all boundary condition at the point ρ = ρ 0 and then read off the boundary metric. Looking at the limit of equations (12) and (13) at ρ = ρ 0 , we find that
The value of u(ρ 0 ) is fixed in terms of q (ρ 0 ) by the smoothness equation (10) (14), so numerically we need only find solutions for all possible ρ 0 with some fixed v(ρ 0 ). For all solutions, we find that q(∞) = 1, consistent with the asymptotically locally AdS form (2) . The parameters of the boundary metric may be read off for a particular solution by
Since v ∞ can be freely varied by the scaling symmetry, the radius of the ξ circle is just a free parameter.
Solutions with contractible χ: results
The ratio R χ /R S d is plotted against the parameter ρ 0 (for the case d = 4) in Fig. 1 . The general features of this curve are expected (see e.g. [21] ). First, there is a maximum value (R χ ) max /R S d ≈ 0.246 at ρ 0 ≈ 0.672. For larger (R χ ) max /R S d , solutions with a contractible χ circle do not exist. For R χ < (R χ ) max , there are two distinct solutions, distinguished by the value of the radius ρ = ρ 0 at which the spacetime smoothly caps off.
We have also obtained numerical results for d = 2 and d = 3, and these are completely analogous. In these case, the maximum value of R χ for which solutions of this type exist is (R χ ) max /R S d ≈ 0.534 for d = 2 and (R χ ) max /R S d ≈ 0.333.
Solutions with contractible ξ: results
In the case where the boundary conditions for fermions on the ξ cycle are also periodic, we can also have solutions for which the ξ circle is contractible. These are simply related to the solutions just discussed by the exchange χ ↔ ξ, so they exist whenever 
Solutions with contractible S d
The remaining class of solutions are those for which the S d contracts to a point at some radius with the χ and ξ circles having a positive size everywhere. These solutions exist for any values of the R ξ and R χ , since they arise by periodic identification from solutions with a boundary geometry S d × R 2 . The solution without identification is dual to the CFT on S d × R 2 , and in this case, we expect that the geometry with least action will not break the symmetries of the R 2 or S d . The solution should then take the form
With this ansatz, Einstein's equations determine A(ρ) in terms of B(ρ) algebraically as
With this identification, Einstein's equations reduce to a single second order equation for B. Each term is cubic in B, so we have an scaling symmetry B → αB .
The solutions we are interested in have positive B for all ρ ≥ 0, so we can use the scaling symmetry to set B(0) = 1. The equations of motion then fix B (0) = 0, and the rest of the solution is uniquely determined. For large ρ, we find that B(ρ) behaves as c d ρ 2 , where c d is a dimension-dependent constant. To obtain solutions corresponding to the field theory on S d × T 2 with torus periodicities 2πR χ and 2πR ξ and sphere size R S d , we identify 
Phase diagram
Taking into account the three types of solutions, the phase diagram can be divided into 4 regions (see Fig. 2 ) depending on the number and type of solutions. The large radii region 1 has only one possible solution, whereas small radii region 4 will have a total of 5 solutions to compare (the contractible S 5 solution, two solutions where the χ direction pinches and two solutions where the ξ direction pinches). The intermediate regions 2 and 3 each have 3 possible solutions to choose from. In the regions with more than one possible solution, we need to compare the various possibilities to determine the one with lowest action. This is dual to the field theory state with lowest free energy.
Comparing the actions is simplified significantly by the fact that the non-contractible circles (one or two in each geometry) arise by periodic identification of solutions in which these directions are non-compact. For any such periodic direction, the action is simply proportional to the radius of the circle. Thus, when comparing solutions for which the χ circle is contractible to solutions in which the sphere contracts, the ratio of the two actions will be independent of the radius of the ξ circle, which is noncontractible for both cases. So any phase boundary between these two types of solutions will be parallel to the R ξ axis. Similarly, any phase boundary between contractible ξ solutions and contractible S d solutions will be parallel to the χ axis. Numerically, we find that for sufficiently large R ξ , the solutions with contractible χ have lower action than the contractible S d solutions for
These phase boundaries are just below the radii
at which the contractible χ solutions begin to exist. In the case where the ξ circle is also antiperiodic, we have (by symmetry) a phase boundary between contractible ξ solutions and contractible
In region 4, we have five distinct solutions with the same boundary conditions. We find that the solutions for which either the χ or ξ directions pinch off at the smaller value of the radial coordinate ρ = ρ 0 never have the lowest action. For solutions in which the ξ or χ circle is contractible, the one with lower action is the one for which the corresponding boundary circle has smaller radius. This results in an additional phase boundary along R χ = R ξ which begins at the origin and extends to the intersection of the previous phase boundaries.
The phase diagram we find is shown in Fig. 3a .
Critical temperature
We now interpret our results in terms of confining gauge theory on de Sitter spacetime. For d = 4, the results above indicate that the T 2 compactified CFT undergoes a deconfinement transition at critical de Sitter temperature
where T c is the Minkowski space transition temperature. This is close but not equal to the critical de Sitter temperature of 1/4 for a confining theory defined by compactifying a CFT on S 1 . In d = 2 and d = 3, the results are that
which again are close to the the result T dS = T c /d for confining gauge theory defined by CFT on S 1 .
CFT on S
In this section, we consider the case of confining gauge theory defined by S 2 compactification of a CFT. For a (d + 2)-dimensional CFT compactified on S 2 , the physics on de Sitter space will be obtained by analytic continuation from the physics of the CFT on S 2 × S d . We will denote the S 2 and S d radii by R S 2 and R dS . Conformal invariance guarantees that the physical properties of this theory on de Sitter space with acceleration parameter H = 1/R dS depend only on the dimensionless parameter R S 2 H or equivalently R S 2 /R dS . Thus, the "phase diagram" will be one-dimensional in this case.
Again, we will assume that the field theory state does not spontaneously break any of the geometrical symmetries. Thus, the field theory state and the corresponding gravity solution should possess an SO(d + 1) × SO(3) symmetry.
The most general dual metric with this symmetry can be put in the form:
In this case, the topologically distinct types of solutions are those for which f goes to zero as we decrease r with g remaining finite (these correspond to the confined phase), and those for which g goes to zero with f remaining finite (these correspond to the deconfined phase).
Einstein's equations (4) give us two independent ODEs for the two functions f and g,
From these, we can eliminate either f or g by taking a linear combination of the second equation and the derivative of the first equation. Thus we will require a total of three boundary conditions. We will consider solutions for which either f or g vanish as we decrease r to some r = r 0 . Using the scaling symmetrỹ
we are free to set r 0 = 1. The equations of motion imply that the function which vanishes at r = 1 also has vanishing derivative at this point. Furthermore, the second derivative at this point is determined by the equations to be 2, and this ensures that the geometry is smooth at r = 1.
The value of the nonvanishing function at r = 1 gives the final boundary condition, after which the solution is completely determined. For each type of solution, we can numerically determine field theory parameter R S 2 /R dS as a function of f (1) or g(1) using
.
Results and phase structure
We have carried out the numerics for the cases d In each case, there is a range of values for the field theory parameter R S 2 /R dS (vertical axis) where multiple solutions exist. Here, we need to compare the action for the various possible solutions to determine which is smallest. For the d = 2 case, the boundary geometry is S 2 × S 2 , and we find that the preferred bulk geometry is always the one for which the smaller of the two spheres is contractible in the bulk. Thus, we have a phase transition at
For d = 3, we find that solutions for which the S 2 is contractible exist in the range R S 2 /R dS ≤ 0.731. They have lower action than the contractible S 3 solutions below the critical value
For d = 4, we find that solutions for which the S 2 is contractible exist in the range R S 2 /R dS ≤ 0.587. They have lower action than the contractible S 4 solutions below the critical value 
Critical temperature
We now interpret our results in terms of confining gauge theory on de Sitter spacetime. The Minkowski space transition temperatures for the S 2 compactified CFT are given in (7). The de Sitter temperature for which a phase transition will occur is given in terms of the critical S d radius of the Euclidean theory by T dS = H/(2π) = 1/(2πR S d ). Expressing our results from this section in terms of the Minkowski-space deconfinement temperatures from section 3, we find that the transitions occur at
As for the T 2 compactified theory, we find that the critical de Sitter temperature is below the Minkowski space deconfinement temperature by a factor which is close but not equal to the dimension d of the de Sitter spacetime.
Discussion
In this note, we have shown that a variety of confining gauge theories with gravity dual descriptions undergo deconfinement transitions induced by cosmological acceleration at a critical value of the Hubble parameter. Quantitatively, we find that the transition occurs when the de Sitter temperature reaches a critical value close to T c /d, where T c is the Minkowski-space deconfinement temperature for the same field theory, and d is the dimension of the de Sitter spacetime. The fact that the relation T dS /T c ≈ 1/d holds to within a few percent for all cases suggests that it may hold more generally, perhaps even for realistic confining gauge theories with no known gravity dual. The existence of such phase transitions may be relevant for our understanding of the inflationary phase of early universe cosmology. Here, either the QCD degrees of freedom or some other non-abelian gauge theory (e.g. a grand unified theory) likely form part of the effective field theory relevant during inflation. Since the Hubble parameter changed from a large value during inflation to a very small value after inflation, it is plausible that during inflation, the non-abelian gauge theory degrees of freedom were in a deconfined phase, and that a confinement transition of the type studied in this paper occurred towards the end of inflation.
10 During reheating, when the energy stored in the inflaton field is transferred to other degrees of freedom, we might then have a further transition back to a deconfined phase, followed finally by a third transition to a confined phase as the universe cooled. Alternatively, reheating may have occurred while the non-abelian gauge theory degrees of freedom were still deconfined. In this case, we would have only a single transition from a deconfined to a confined phase after reheating. It would be interesting to understand whether these two possible scenarios result in distinct observable consequences.
A Minkowski space deconfinement temperature for CF T d+2 compactified on S 2 .
To determine the Minkowski-space deconfinement temperature for the S 2 theory, we need to study asymptotically AdS solutions with boundary geometry S 2 × S 1 × R d−1 . As the S 1 radius is decreased relative to the S 2 radius, we expect a phase transition between a solution with S 2 contractible in the bulk and a solution with contractible S 1 . For d = 2, the relevant geometries were analyzed in [19] . We review those results presently and extend them to more general d. 9 On the other hand, as we show in appendix B, if there exist confining gauge theories arising from compactification of CF T d+n on T n for arbitrary values of n, the ratio T dS /T c must go to zero in the limit n → ∞. However, it is unclear whether consistent conformal field theories exist above six dimensions.
10 For QCD, this would be a sharp crossover rather than a strict phase transition.
Solutions with contractible S 2
Solutions for which the S 1 is not contractible in the bulk exist for any value of the R S 2 since they can be obtained by periodic identification from solutions with a boundary geometry S d ×R d . The solution without identification is dual to the CFT on S 2 ×R d ; in this case, we expect that the geometry with least action will not break the symmetries of the R d or S 2 . The metric for such a solution may be written as
With this identification, Einstein's equations reduce to a single second order equation for B. Each term is cubic in B, so we have an scaling symmetry B → ΛB .
The solutions we are interested in have positive B for all ρ ≥ 0, so we can use the scaling symmetry to set B(0) = 1. The equations of motion then fix B (0) = 0, and the rest of the solution is uniquely determined. For large ρ, we find that B(ρ) behaves as β d ρ 2 , where β d is a dimension-dependent constant. To obtain solutions corresponding to the field theory on S 2 × S 1 × R d−1 with S 1 periodicity 2πR S 1 and sphere size R S 2 , we identify
Solutions with contractible S
1
Solutions for which the S 1 contracts smoothly in the bulk cannot be obtained by periodic identification. For this case, we use the ansatz
where θ is defined to be periodic, θ ∼ θ + 2π. Einstein's equations give three independent equations for the three functions f, g, and h, one of them first order in derivatives, and the other two second order. We are interested in solutions where f (r) vanishes at some r = r 0 > 0. The equations have three independent scaling symmetries (related to conformal invariance, and reparametrizations of y i and θ), We can choose γ to set r 0 = 1. To avoid a conical singularity, we then require that
which we can arrange by demanding f (1) = 0 and using the scaling symmetry to fix the coefficient of the quadratic term. The remaining scaling symmetry may be used to fix h(1) = 1. With these choices, the equations of motion imply that g (1) = h (1) = 0. With all these conditions, there remains only a single free parameter g(1) ≡ g 0 in terms of which the solution is completely determined. The parameters of the boundary metric may be read off for a particular solution by
For d = 4, our results for the ratio f ∞ /g ∞ as a function of g 0 are plotted in figure 6 .
Comparing actions
From the figure, see that a pair of solutions with contractible S 1 exist for R S 1 /R S 2 below some critical value (0.477 in d = 4, 0.502 in d = 3 and 0.534 in d = 2). In this range, we need to compare the action for these two solutions with the action for the solution with contractible S 2 . We find that the preferred bulk geometry (with minimum action) is the one with contractible
Below this value the contractible S 1 solution with the larger value of g 0 provides the minimum action solution. Thus, we have a phase transition at
A detailed discussion of the action comparison may be found in the next appendix.
B Evaluating the action
In this section, we provide some details on evaluating the action via the regularized expression (5). We take as an example the case of boundary geometry S 2 × S 1 × R 1 . Here, we have used one ansatz
for solutions with contractible S 1 and another ansatz
for solutions with contractible S 2 . For D = 5, (setting l = 1 and absorbing a factor 16πG (D) into the action) the relevant gravitational action (eq. 5)), including counterterms (eq. 6) is
Using the fact that the trace part of Einstein's equations (4) imply R = −20 , the first term simplifies to
For large r, the various components of the metric behave as g rr ∼ 1/r 2 and g ij ∼ r 2 for the remaining components, so the integrand in the bulk action grows like r 3 (or r D−2 in general). This growth should be canceled by the boundary terms, but recovering the finite result from the difference of two very large contributions is challenging numerically. Thus, it is helpful to transfer some of the bulk contribution to the boundary action by adding and subtracting a total derivative. The large r behavior of the metric components implies that the expression ∂ r (2 √ γ) has the same asymptotic behavior as 8 √ g. Thus, the expression In the expressions above, both s 1 and s 2 give finite results in the limit r M → ∞. However, we should not compare these directly, because the coordinate w has a different periodicity from θ and the coordinates y and x are not equivalent. From (23) and (22), we see that for a given solution of the form (24), contractible S 2 solutions with the same
are obtained by choosing the periodicity of w to be 2π f ∞ /g ∞ (r 2 /B) ∞ . To ensure that we integrate over an equivalent volume in the non-compact field theory directions, we can choose the ranges of x and y so that the proper distance that we integrate along the noncompact field theory direction matches the S 2 radius at the same value of r. Thus, we choose the range of y to be g ∞ /h ∞ and the range of x to be (r 2 /B(r)) ∞ . In the end, to determine which of the solutions has lower action per field theory volume, we must therefore compare
C Conformal theories from compactification of CF T 4+n on T n .
In the analysis of this paper, we found that the critical de Sitter temperature (relative to the corresponding Minkowski deconfinement temperature) for a confining theory defined by CF T d+2 compactified on T 2 is slightly lower than that for a CF T d+1 compactified on S 1 . In this appendix, we consider the generalization to confining theories defined by compactification of CF T d+n on T n , to see whether the critical temperature decreases with n.
To investigate this, we focus on the case d = 2, and calculate the maximum value of R S 1 /RS 2 for which a solution with contractible S 1 exists (where the S 1 represents one of the periodic directions on the torus). This provides an upper bound for the critical value of H dS R S 1 .
Using all the previously discussed symmetries, we can put a metric with conformal boundary dS 2 × T n+1 in the form: 
with ξ i ∼ ξ i + 2πR ξ i H. For n = 0 the solution is exact and we have: .
Using these we can integrate the equations of motion to obtain the maximal allowed H dS R S 1 . This is shown in Fig. 7 . It is apparent that the maximum value is a decreasing function of n. On the other hand, the Minkowski space deconfinement temperature is T c (2πR S 1 ) = 1, independent of the dimension of the torus. This suggests that ratio of the critical de Sitter temperature to the Minkowski space transition temperature decreases as we increase the dimension of the underlying CFT, keeping the dimension of the compactified theory fixed. We should note, however, that conformal field theories with gravity duals may not exist above six dimensions.
